The R j 1
The R j 1 ;j 2 h matrices of the Jordanian U h (sl (2) ) algebra at arbitrary dimensions may be obtained from the corresponding R j 1 ;j 2 q matrices of the standard q-deformed U q (sl(2)) algebra through a contraction technique. By extending this method, the coloured two-parametric (h, α) Jordanian R j 1 ,z 1 ;j 2 ,z 2 h,α matrices of the U h,α (gl(2)) algebra may be derived from the corresponding coloured R j 1 ,z 1 ;j 2 ,z 2 q,λ matrices of the standard (q, λ)-deformed U q,λ (gl(2)) algebra. Moreover, by using the contraction process as a tool, the coloured T j,z h,α matrices for arbitrary (j, z) representations of the Jordanian Fun h,α (GL(2)) algebra may be extracted from the corresponding T j,z q,λ matrices of the standard Fun q,λ (GL(2)) algebra.
Introduction
and T q,λ ) matrices of Fun q (SL(2)) (resp. Fun q,λ (GL(2))) is performed using a matrix singular itself in the q → 1 limit, but in such a way that the transformed matrices are non-singular, and yield the defining R h and T h (resp. R h,α and T h,α ) matrices of Fun h (SL (2)) (resp. Fun h,α (GL(2))). Such a contraction technique can be generalized to higher-dimensional quantum groups [14] .
The other tool is a nonlinear invertible map between the generators of U h (sl (2)) and U(sl(2)) [15] . This map yields an explicit and simple method for constructing the finite-dimensional irreducible representations of U h (sl(2)) [15] , and for studying various related problems [16, 17] .
Recently, an operational generalization of the contraction method combining both tools was proposed [18] . It yields the Jordanian deformation of U(sl(N)) from the standard one along with a nonlinear map from the h-Borel subalgebra on the corresponding classical Borel subalgebra, which in the case of U h (sl(2)) can be extended to the whole algebra. By using such a generalization, the R ;j h matrix of the 1 2 ⊗ j representation of U h (sl(2)) was obtained from the corresponding R ;j q matrix of the standard q-deformed U q (sl(2)) algebra [18] . Furthermore, it was shown that the Drinfeld twist operator [19] , relating the usual classical U(sl(2)) coalgebraic properties with the nontrivial coalgebraic structure of the Jordanian U h (sl(2)) algebra, can be found as a series expansion in the deformation parameter h [18] .
The purpose of the present paper is threefold. Firstly, in Sec. 2, we wish to complete the work of Ref. [18] by providing higher order terms in the expansion of the Drinfeld twist operator, and by demonstrating that the h-Jordanian R j 1 ;j 2 h matrices of arbitrary (j 1 ⊗ j 2 ) representations of U h (sl(2)) may be obtained by contracting the corresponding standard R j 1 ;j 2 q matrices.
Secondly, in Sec. 3, we wish to extend Ref. [18] in two ways: by going from the single-parametric case to the two-parametric one, and from (j 1 ⊗ j 2 ) standard representations to (j 1 , z 1 ⊗ j 2 , z 2 ) coloured representations, where the colour parameter z assumes arbitrary distinct values in different sectors of the tensor product space.
We will prove that the contraction scheme provides a mechanism for extracting the R j 1 ,z 1 ;j 2 ,z 2 h,α matrix in an arbitrary (j 1 , z 1 ⊗ j 2 , z 2 ) coloured representation of the U h,α (gl(2)) algebra from the corresponding R j 1 ,z 1 ;j 2 ,z 2 q,λ matrix of the two-parametric standard U q,λ (gl(2)) algebra. As a result, we will get solutions of the coloured YangBaxter equation
where we have suppressed the subscripts (h, α).
Thirdly, in Sec. 4, we wish to apply the contraction process of Ref. [18] to the construction of an entirely new type of Jordanian deformed objects, namely the finite-dimensional coloured representations of (h, α)-deformed group-like elements (2)). In this respect, it should be stressed that if the universal T q,λ matrix, acting as a dual form between the (q, λ)-deformed standard Hopf algebras Fun q,λ (GL(2)) and U q,λ (gl(2)), is well known [20] , as well as its finite-dimensional coloured representations T j,z q,λ [21] , nothing similar is available yet for Jordanian Hopf algebras (but for the defining T h,α matrix). Here, we will prove that the T j,z q,λ matrices generate, through the contraction procedure, the corresponding Jordanian T j,z h,α matrices. In this way, we will construct solutions of the coloured inverse scattering equation
2 The R h Matrices of the U h (sl(2)) Algebra as Contraction Limits
We start by enlisting the Hopf structure of the single-parametric Jordanian algebra U h (sl(2)) [4] . The algebra reads
The non-cocommutative coproduct, counit and the antipode maps assume the form
where T = exp(hX). The universal R h matrix of the triangular Hopf algebra U h (sl (2)) is given [5] in a convenient form by
For a quasitriangular Hopf algebra U, the universal R matrix, an invertible element in U ⊗ U, satisfies the relations
where σ is the permutation in U ⊗ U. For a triangular Hopf algebra, the additional
An invertible nonlinear map of the generating elements of the U h (sl(2)) algebra on the elements of the classical U(sl(2)) algebra plays [18] a pivotal role in obtaining the h-Jordanian R ;j q matrix. The map reads [18] T =T ,
The elements (J ± , J 0 ) are the generators of the classical U(sl(2)) algebra:
Following Drinfeld's arguments [19] , it is possible to construct a twist operator
] relating the h-Jordanian coalgebraic structure (2.2) with the corresponding classical structure (2.7). For an invertible map m :
, the following relations hold:
where
, and its inverse may be expressed as
where µ is the multiplication map.
For the map (2.5), we have the following construction: in the series expansion of G in (2.10) was previously evaluated [18] . The series expansion of the twist operator G may be developed up to an arbitrary order in h.
It may be verified that the expansion (2.10), in powers of h, of the twist operator G corresponding to the map (2.5) satisfies the cocycle condition
up to the desired order. The universal R h matrix (2.3), used in conjunction with the map (2.5), may be recast in the form 12) valid up to an arbitrary order in the expansion (2.10).
In Ref. [18] , the R 1 2
;j q matrix of the standard q-deformed U q (sl(2)) algebra has been found to yield, after a suitable transformation and a subsequent q → 1 limiting process, the corresponding h-Jordanian R representations.
To this end, we proceed with the universal R q matrix of the U q (sl(2)) algebra, given by [22] 
and {n} q = (1−q n )/(1−q). The generators of the standard U q (sl(2)) algebra satisfy the commutation relations
Following Ref. [18] , we introduce a transforming matrix M, singular in the q → 1 limit, as
matrix may now be subjected to a similarity transformation followed by a q → 1 limiting process: 
Using similar techniques, the higher-dimensional R h matrices may also be stud- ⊗ j representations, respectively. For convenience, we choose the (2j + 1)-dimensional irreducible representation of the U q (sl(2)) algebra as follows: representations as
Following the recipe (2.16), theR
;j h matrices may be realized as
In the above computational procedure of theR
matrices, obtainedà la (2.16), the order of the singularity in the q → 1 limit increases by one for each step away from the diagonal, the rightmost corner element being the most singular. The singularities in the said q → 1 limit, however, all cancel yielding finite results as in (2.20) , and (2.21).
To prove the equivalence of theR
matrices obtained above as per our contraction procedure, and the corresponding R 
Using the above representations in the expression (2.3) of the universal R h matrix, we obtain ;j
T HT − 9T HT 3 On U h,α (gl(2)) and Its R h,α Matrices
We now consider the two-parametric (h, α)-Jordanian deformed algebra U h,α (gl(2)) ∼ U h,α (sl(2) ⊕ u(1)), generated by (X, Y, H, Z) [8, 9] . The generator Z of the u(1) algebra is a primitive central element. Our choice of the deformation parameters is a little different from others. Our results might be rewritten in terms of the customary choice of deformation parameters h ± = h(1 ± α). By studying the duality relation between the Hopf algebras Fun h,α (GL(2)) and U h,α (gl(2)), the Hopf structure of the latter has been investigated by Aneva et al. [9] . After a suitable choice of parameters, these authors conclude that the role of the second parameter may be confined to the coalgebra and the antipode alone.
Here we use the general formalism developed by Reshetikhin [23] for introducing multiple deformation parameters. This allows us to obtain the universal R h,α matrix of the two-parametric U h,α (gl(2)) algebra. To this end, we construct a twist operator
Following Ref. [23] , the coproducts of U h (gl (2)) and U h,α (gl(2)) may be related by
Explicitly, we obtain
3)
The antipode and the counit maps, however, remain unaltered. The authors of Ref. [9] obtained the antipode maps for U h,α (gl(2)) depending on both the deformation parameters. This result is, however, an artifact of their choice of the corresponding coproduct maps in a asymmetric way.
The universal R h,α matrix of the U h,α (gl(2)) algebra may also be determined following the Reshetikhin procedure [23] :
which, by construction, satisfies the properties (2.4), and the triangularity condition.
Explicitly, R h,α reads
The above universal R h,α matrix of the (h, α)-Jordanian algebra U h,α (gl(2)) may also be obtained by the contraction technique discussed in Sect. 2. Our starting point here is the universal R q,λ matrix [24] of the two-parametric (q, λ)-deformed standard U q,λ (gl(2)) algebra [7] . Following Reshetikhin procedure [23] , it was observed [24] that the universal R q,λ matrix of the U q,λ (gl (2)) algebra may be related to the universal R q matrix of the standard q-deformed U q (sl (2)) algebra via a twist operator:
whereF λ is given byF
In the second equality in (3.7), we assume without any loss of generality λ = q α .
After taking into account the discussions in Sect. 2 about the convertibility, via the contraction process, of the standard R q matrix of the U q (sl (2)) algebra into the Jordanian R h matrix of the U h (sl (2)) algebra, a comparison between (3.4) and (3.6) makes it obvious that we need to show
Equation (3.8) may be readily proved as an operator identity. Using (3.7), and following the method developed in Ref. [18] , we may show that the rhs of (3.8) assumes the form
In the first equality in (3.9), the central generatorẐ of the U q,λ (gl(2)) algebra is assumed to have values z 1 and z 2 in the two sectors of the tensor product space.
In the second equality in (3.9), we have used the map (2.5), and the identity map Z =Ẑ. This completes our demonstration that the (h, α)-Jordanian R j 1 ,z 1 ;j 2 ,z 2 h,α matrix of arbitrary coloured representation (j 1 , z 1 ⊗j 2 , z 2 ) may be recovered through the present contraction process from the corresponding two-parametric standard
R
As an application of our method, we here obtain the matrices R 
where A ′ , B ′ , C ′ are 3 × 3 matrices,
Comparing the two matrices in (3.10), it is evident that an 'exchange symmetry' between the two sectors of the tensor product space holds:
Matrices of the Fun h,α (GL(2)) Algebra
In this section, we turn our attention to the determination of the (h, α)-Jordanian T matrices in arbitrary coloured representation. The contraction method described earlier may also be employed here. The technique may be summarized as follows.
Starting with a two-parametric (q, λ)-standard T j,z q,λ matrix of the Fun q,λ (GL(2)) algebra in an arbitrary representation given by j, and the colour parameter z, we perform a suitable similarity transformation by the matrix M j defined in (2.15).
Even though the transforming matrix is singular in the q → 1 limit, the singularities all systematically cancel for the transformed matrix ), the method was previously employed [13] . We first reproduce these results here for the notational purpose.
The generating elements (â,b,ĉ,d) of the two-parametric standard Fun q,λ (GL(2)) algebra, defined asT 
and the matrix coproduct rule ∆ T q,λ . The determinantD = ad − q −1 λ −1bĉ has the algebraic properties 4) and is endowed with a group-like coproduct ∆ D =D ⊗D.
The elements of the transformedT 
Staying away from the singularity in (4.5) in the q → 1 limit, we recast the algebra (4.3) as 6) where the determinantD =ãd−q
The elements obey the matrix coproduct rule ∆ T , we now pass to the q → 1 limit in (4.6) and (4.7), and obtain the following:
where the determinant D = ad − bc − h(1 + α)ac satisfies the commutation relations
The coproduct rules read
It is interesting to observe that the algebraic relations (4.8) exhibit an automorphism 11) where the deformation parameters are also redefined according to h → h, α → −α.
The map ρ is also an anti-automorphism of the coalgebra rules (4.10): , z representation may be obtained [21] from the known expression [20] of the universal T q,λ matrix acting as a dual form between the Fun q,λ (GL(2)) and U q,λ (gl(2)) algebras,
The redefined generating elements of the Fun q,λ (GL(2)) algebra are given bŷ
(4.14)
For the j = 
The limiting process q → 1 in (4.17) now yields the desired (h, α)-Jordanian T , z representation, value of the colour parameter obviously reduces (4.18) to the fundamental representation.
As another demonstration of our procedure, we explicitly obtain the (h, α)-
h,α matrix for j = 1 representation at an arbitrary value of the colour parameter z. As previously, our starting point here is the (q, λ)-standardT 1,z q,λ matrix of the (1, z) representation. Using the representation (2.18) and the universal T q,λ matrix (4.13), we obtain
Using the construction of the transforming matrix M j=1 in (2.19), we first perform the similarity transformation (4.1), and using (4.5) reexpress the elements of the relevantT 1,z matrix in terms of the variables (ã,b,c,d). The transformed matrix is now free from singularities at all orders as q → 1. Consequently, in the said 
Conclusion
Extending earlier results, we have shown that the h-deformed Jordanian R j 1 ;j 2 h matrices may be obtained from the corresponding standard q-deformed R j 1 ;j 2 q matrices through the present contraction process. In this demonstration, a key role is played by a nonlinear map of the U h (sl(2)) algebra on the classical U(sl(2)) algebra. The Drinfeld twist operator relating the h-Jordanian and the classical coproduct structures may be determined as a series expansion in h up to an arbitrary order. The twist operator interrelating the corresponding antipode maps has been determined in a closed form. By using the Reshetikhin formalism, the universal R h,α matrix of the two-parametric (h, α) Jordanian deformation has been obtained.
Moreover, we have shown that the two-parametric (q, λ) standard R Our method may be useful in formulating Jordanian h-special functions in analogy with the standard q-special functions. Of special relevance is the well-known result [25] that the elements of the standard T j q matrices may be explicitly expressed in terms of the little q-Jacobi polynomials. It would be of interest to explore if a Jordanian analogue of this result holds. We hope to address this question elsewhere.
